Free subgroups in linear groups over some skew fields  by Lichtman, A.I
JOURNAL OF ALGEBRA 105, l-28 (1987) 
Free Subgroups in Linear Groups over 
Some Skew Fields 
A. 1. LICHTMAN* 
Universily of Wisconsin-Parkside, 
Kenosha, Wisconsin 53141 
Communicated by P. M. Cohn 
Received February 28, 1984 
1.1. INTRODUCTION 
Statement qf the Results and the Notations 
Let L be a Lie algebra of finite dimension m over a field K and U(L) be 
its universal envelope. It is well known that U(L) is a Noetherian domain 
(See [ 1, 5.31) and hence has a (skew) field of fractions, which we denote by 
D. We continue the study of the subgroups of CL,(D) which was begun in 
[2] and obtain the analogue of the Tits’ alternative [3] which states that a 
finitely generated linear group over a commutative field either contains a 
free subgroup or is soluble-by-finite; when the characteristic of the field is 
zero the restriction on the number of generators can be omitted. 
Throughout this paper the term “free group” is used in the sense of “non- 
cyclic free group ” “field” in the sense of “skew field.” If S is a subgroup of , 
CL,(D) then (S) denotes the subring of D, (the n x n matrix ring over D) 
generated by S; we denote by m, the integral part of m2/2 and y,,&S) 
denotes the commutator subgroup of the m, th term of the lower central 
series of S. 
Theorem A and its corollaries give an analogue of the Tits’ alternative 
for subgroups of GL,l(D), where D is the field of fractions of U(L). 
THEOREM A. Let char K = 0 and G be a subgroup of CL,(D) which con- 
tains no free subgroups. Then there exists a normal subgroup U of index at 
most (n!)’ and a nilpotent ideal B of (y,,,J U)) such that (y,,,J U) j/B can 
be embedded in a ring of n x n matrices over a ,field qf characteristic zero. 
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The following corollary is the analogue of the Tits’ alternative. 
COROLLARY 1. Assume that char K = C. Then there exists an integer 
valued function f (n) such that an arbitrary subgroup G E GL,(D) either con- 
tains a,free subgroup or contains a soluble normal subgroup of index <f(n). 
The following corollary is the analogue of Zassenhaus’ theorem for linear 
groups over commutative fields. (See [4, 3.73). 
COROLLARY 2. Let char K = 0, dim(L: K) = m and let G be a soluble 
subgroups qf GLJD). Then there exists an integer-valued function r&m, n) 
such that the length of the derived series of G does not exceed Il/(m, n). The 
function $(m, n) can be taken to be (n!)‘+ 3n + m,. 
We leave open the question whether $(m, n) can be replaced by a 
function depending only on n. 
COROLLARY 3. Let char K= 0 and G be a subgroup of the multiplicative 
group D*. Then either G contains a free subgroup or it is abelian-by-nilpotent 
of class dm,. 
We give the proofs of Corollaries l-3 in Subsection 1.2. 
It can be read off from [ 1,6.3], that if char K =p and (L : K) = m then 
U(L) is a free module of dimension pm2 over some central subring. This 
implies easily that if Z is the centre of D then (D : Z) is a divisor of pm2. The 
group GL,(D) can be considered therefore as a linear group of degree np” 
over Z (2r f m’) and hence the Tits’ alternative is true for finitely generated 
subgroups of GL,(D). We need, however, in the proof of Theorem A a 
result which gives a bound for the solubility class, not depending on p. Our 
second main result is the following theorem. 
THEOREM B. Let D be afield of characteristic p with center Z, (D : Z) = 
4 2’n, where q is an arbitrary prime number (which may be equal to p). Let 
n < q - 1 and G be a subgroup of GL,(D) which contains no free subgroups. 
Then G contains a normal subgroup U such that (G: U) d (n!)’ and Y,,,~( U) 
is locally ,finite. 
We recall now the following known facts on locally finite subgroups of 
GL,,(D). Let first char D = p and S G GL,(D) be locally finite. The radical 
J(Z,[S]) of the linear envelope of S must be a locally nilpotent ideal since 
Z,[S] is locally finite dimensional over Z,, moreover it is important that 
(J(z,[s])y =o. (1.1) 
This follows from Theorem 30 in [S]. Furthermore, Theorem 1 in 
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Zalesskii’s article [6] implies that Zp[ S]/J(Z,[S] ) is a completely 
reducible subalgebra of Sz,, where s2 is the algebraic closure of Z,. The 
group S therefore is an extension of a nilpotent p-group by a completely 
reducible subgroup of CL,,(Q). 
If SE GL,(D) where char D = 0 then the result of Hartley and 
Shahabi Shojaei [7] implies that S contains a metabelian subgroup whose 
index is bounded by an integer-valued function of n. 
If the subgroup G of Theorem B is finitely generated we obtain 
(see Theorem 3.1) that the linear envelope Zp[ymJ U)] is a split extension 
of its radical by a subring of I7,, where I7 is a finite field. This is the main 
step in the proof of Theorem B; we make too an essential use of this fact 
(together with Proposition 2.1) in Section 5. 
We make an essential use of ultraproducts to derive Theorem A from 
Theorem B (or from Theorem 3.1). To construct a suitable ultraproduct we 
need some results on localization in U(L). They are obtained in Section 4 
and as a Corollary of them we obtain the following fact (see Corollary 2 of 
Lemma 4.3). 
Let (L : K) = m, char K = 0, and R he ajkitely generated .&ring of D, the 
field of fructions of U(L). Then there exists u system qf ideals Ai (i E I) such 
that R/A; is a .&ring of the jield Di of fractions of U(L,), where Li is u Lie 
algehru of dimension m over u,finite field P, and R is embedded in a suitable 
ultraproduct (ni,, R/A,)/F. 
Section 5 is devoted to the study of the subgroups of GL,(A) where d 
denote one of the following fields: the field of fractions of the group ring 
KH, H is a free metabelian group, or the universal field of fractions of KF, 
where F is a free group. The main results here are Theorems C and D. To 
prove these theorems we consider a finitely generated subring R c d and 
construct an imbedding of R into a suitable ultraproduct (Z7,,, 4,)/F, 
where dj is a field of fractions of a group ring KH,; Hi is a torsion free 
group which contains an abelian normal subgroup of prime index p,. We 
use here essentially Theorem 24B in Amitsur’s article [IS] and the method 
for construction of specializations of articles [Z] and [9]. In Theorems C 
and D A is as just described. 
THEOREM C. Let char K =p und G be a finitely generated subgroup qf 
GL,,(A) which contains no free subgroups. Then G contains a normal sub- 
group U such that (G: U) divides (r~!)~, the second derived subgroup U” is 
locally ,finite and K[ U”] is a split extension: 
K[U”] -M+J(K[U”], 
where M is isomorphic to a (semisimple) subalgebra qf K,. Furthermore, the 
image of U” under the natural homomorphism K[ U] + K[ U”]/J(K[ ull]) 
is finite. 
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COROLLARY. Let char K =p and G be an arbitrary, not necessarily 
finitely generated, subgroup of GLJA), which contains no free subgroups. 
Then there exists a normal subgroup U -CI G such that (G: U) < (n!)’ and U” 
is locally finite. 
The proof is an easy application of the inverse limit arguments (see 
Proposition 3.3). 
THEOREM D. Let char K = 0 and G be an arbitrary subgroup of GL,(A) 
which contains no free subgroups. Then there exists a normal sub- 
group U a G with (G: U) < (n!)’ and the subring (U”) contains a nilpotent 
ideal B such that ( u” j/B is a subring of P,, where P is a commutative field. 
COROLLARY. Let G be a soluble subgroup of CL,(A). Then the solubility 
class of G does not exceed (n!)’ + n + u(n) + 2, where u(n) is a boundfor the 
solubility of subgroups of GL,(K). 
The proof is the same as in Corollary 2 of Theorem A. The Tits’ alter- 
native for the subgroups of GL,(A) follows now easily. 
Finally, note that the Tits’ alternative does not hold for linear groups 
over an arbitrary field. (See [lo].) 
1.2. THE PROOFS OF COROLLARIES l-3 OF THEOREM A 
The homomorphism of (Y~,,~( U)) into P, induces a group 
homomorphism Y,,,~( U) + GL,(P) with kernel Y~,,~( U)/( 1 + B), which is 
nilpotent of class bn. The image of this homomorphism contains no free 
subgroups and by Tits’ Theorem, contains a soluble normal subgroup of 
index bounded in terms of n. By a routine group theoretical argument, so 
does G. We proved thus Corollary 1. 
To prove Corollary 2, observe that if G is soluble then so is the image of 
the above homomorphism Y~,,~(G) + GL,(P) and we can use the existence 
of the bound for the solubility class in GL,,(P) to obtain such a bound in 
GL,(D). We use here the bound 2n, obtained by Huppert (see 
[ll, 45.2.11). 
Finally Corollary 3 follows if we take into account that if n = 1 then 
B = 0, G = U and hence y,,,,,,(G) is abelian. 
LEMMA 2.1. Let D be an arbitrary field. Then the matrix ring D, con- 
tains no more than n orthogonal idempotents. 
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The assertion is well known (see, e.g., [6]). 
LEMMA 2.2. Let R be an algebra over a commutative field K such that 
the radical J(R) is nilpotent and R/J(R) is a finite dimensional separable 
algebra. Then R contains a subalgebra TN R/J(R) such that 
R= T+ J(R). 
Proof: Clearly, R is an algebraic algebra of a bounded exponent. By 
Jacobson’s Theorem [ 15, 10.11, it must be locally finite. Find a finite 
dimensional subalgebra R, , such that R,/R, nJ(R)- R/J(R). We can 
apply to the algebra R, the Wedderburn theorem and to conclude that R, 
is a split extension of the nilpotent ideal R, n J(R) by the semisimple sub- 
altebra T 2: R/J(R). It is easy to verify now that in fact the sum of T and 
J(R) coincides with R. 
LEMMA 2.3. Let D be a jield of characteristic p, H be a subgroup oj 
CL,,(D) such that the quotient algebra Z,[H]/J(Z,[H]) is jktite dimen- 
sional over Z,. Then H is locally finite and Z,[H] contains a subring 
T= (fl,),,, + (HA>+ ... + (nr),,, (2.1) 
where ITi (i = 1, 2,..., r) are finite ,fields and 
n, +n,+ . . . + n, 6 n. (2.2) 
Furthermore, Z,[H] is a split extension, 
Z,CHl = T+ J(Z,CW) (2.3) 
and J(Z,[ H])” = 0. The ring T is isomorphic to a subring of the matrix 
algebra II,, , where IT is a finite field. 
Proof The natural homomorphism Z,,[ H] + Z,[ H]/J( Z, H) induces a 
homomorphism of H into the group of units of a finite ring; the kernel of 
this last group homomorphism is H n (1 + J(Z,[ H]) which is a nilpotent 
p-group of exponent dp” via the fact that J(Z,H)” =O. Thus, H is an 
extension of a nilpotent p-group by a finite group and hence is locally 
finite. The quotient ring Z,[H]/J(Z,[H]) is a direct sum of matrix rings 
over finite fields: 
Z,CHIIJ(Z,CHI N (n, In, + (nd,z + . .. + (flr)n,h 
We obtain, therefore, that this quotient ring is a separable algebra over 
Z,, and Lemma 2.2 implies the existence of a subring Tc Z,[H] such that 
(2.1) and (2.3) hold. By Lemma 2.1 Z,[H] contains no more than n 
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orthogonal idempotents and hence (2.2) holds, too. Finally, if I7 is a finite 
field containing all the fields Z7,(j= 1, 2, 3) then the ring in the right side of 
(2.1) is isomorphic to a subring of II,,, + nZ + + ,l,. 1 
We will study now once again the decomposition (2.3). Let P be any 
commutative subfield of D,,, containing 1. If P centralizes H then it cen- 
tralizes too the subring TS Z,,[H] and hence the subring M, generated by 
P and T, has the following structure: 
M = PT= (P, L, + (Pz),q + . . . + (f’,),,,, (2.4) 
where P,(i = 1, 2,..., r) is the subring generated by II, and an isomorphic 
copy of P. 
LEMMA 2.4. Let the conditions of Lemma 2.3 he satisfied. Then P[H] is 
a split extension 
P[H] =M+J(P[H]), (2.5) 
where M is defined by (2.4) and J( P[ H] ) is spanned over P by J(Z,[ H] ). 
Furthermore, every Pi is a direct sum of cyclotomic fields over P and M is a 
direct sum of matrix rings over these fields. 
Proof We obtain first of all from (2.3) that P[H] is a split extension 
P[H] = M+ P(J(Z,[H])). (2.6) 
Every ring P, is a homomorphic image of the tensor product PO, IL,; 
since 17, is a finite field we obtain that P 0 IIj is a direct sum of fields, 
algebraic over P, and so is the ring P,. Hence, M is a direct sum of matrix 
ring over fields. This implies, via the decomposition 2.6, that the nilpotent 
ideal P(J(Z,[H])) coincides with the radical J(P[H]) and the assertion is 
proven. 
PROPOSITION 2.1. Let D be a division algebra over a field K of charac- 
teristic p and assume that D OK P is a division algebra for an arbitrary 
cyclotomic extension P? K. Let H be a locally finite subgroup of CL,(D) 
which satisfies the conditions of Lemma 2.3. Then the linear envelope K[H] 
is a split extension 
K[H]=M+J(K[H]), (2.7) 
where M is isomorphic to a semisimple subalgebra of K,,. 
Proof Lemma 2.4 implies that there exists decomposition (2.7) with 
M = (K, L, + (&)n2) + . + (K,),rs> (2.8) 
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where K, = K(e,) has dimension Ki over K. We will prove that 
i k,n, 6 n. (2.9) 
;= I 
This will imply via the decomposition (2.8) that M has a K-representation 
of degree xi=, kin, <n; this representation is obtained in the left ideal 
A=A,SA,$...SA,, 
where A, is a minimal left ideal of (K,),,, (i = 1, 2 ,..., s). 
To prove (2.9) we take the composite P= K(E) of the fields K(E~) 
(i= 1, 2 ,..., s) and consider the algebra A4BK P. By (2.8) 
MOP ‘v (K, 0 P),,, + (K, 0 f’Lz + + (K., 0 PI,,,). (2.10) 
Clearly, K, @ P is a direct sum of k; copies of K, and hence the right side of 
(2.10) contains C:=, k,ni orthogonal idempotents; on the other hand, the 
left side of (2.10) is a subring over the division K-algebra D @ P. We con- 
clude, therefore, from Lemma 2.1 that (2.9) holds and the assertion is 
proven. 
COROLLARY. Let the conditions qf Proposition 2.1 he sati?jed. Then the 
quotient ring (H)/J((H)) is isomorphic to a (semisimple) suhring qf K,, 
and the image qf the group H in ( H )JJ( H) is isomorphic to a ,finite sub- 
group sf GUO 
Proqf: Lemma 2.4 implies that J(H) = J( Z,,[H] ) = (H) n J(K[ H]) 
and hence (H)/J( (H)) is a subring of K[H]/J(K[H]) and the assertion 
follows. 1 
We observe that the following fields satisfy the conditions of 
Proposition 2.1. 
(1) The field of fractions of the universal envelope of a finite dimen- 
sional Lie algebra. This follows from the fact that the universal envelope is 
a Notherian domain for an arbitrary field K. 
(2) The field of fractions of KG, where G is a torsion free polycyclic- 
by-finite group. Once again, KG is a domain for an arbitrary field K by the 
results of FarkassSniderCliff [ 12, 131 and it has a field of fractions. 
(3) The Malcev-Neumann field for KG, G is ordered. 
(4) The universal field of fractions A of a free group algebra KF. 
Indeed Lewin proved in [ 143 that if D is the Malcev-Neumann field of KF 
then the subfield, generated by KF in D, is isomorphic to A. 
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3.1 
LEMMA 3.1. Let D be a field of dimension d2 over its center Z, T2 Z be 
a commutative subring of D, which contains no nilpotent elements. Let vl, 
v~,..., v, be a system of orthogonal idempotents in T such that 
T= TV, + TV,+... + TV, is the decomposition of T into a direct sum of 
fields. Then there exist integers k,, k, ,..., k,Y such that for every i = 1, 2 ,..., s, 
dim(Tv,: Zv,) is a divisor of kid and 
k,+k,+ . . . + k, < n. (3.1) 
Proof: We observe first of all that it follows from Theorem 3.2.10 of 
[ 151 that there exists in GL,( D) an element u such that 
IA ~‘v~u=ell+e22+“‘+ek,.k,;u~‘v2u=ek,+~,k,+~+.”+eklkz, 
(3.2) 
where the elements in the right side of (3.2) are matrix units in D,,. Now let 
i be given. First, we observe that it follows easily from (3.2) that the ring 
viDnvi is isomorphic to the matrix ring D k,; the center of this last ring is 
v,Zv, = Zvi and the unit is v,. We see too that Tvi= v,Tv, and hence 
(TV, : Zv,) = (v, TV,: v, Zv,). (3.3) 
The left dimension in (3.3) is a dimension of a subfield of D,, over its cen- 
ter; it must be a divisor of the dimension of a maximal subfield, which 
divides k,d. We have proven, therefore, that (TV,: Zv,) is a divisor of kid. 
The relation (3.1) follows now from (3.2). 
3.2 
THEOREM 3.1. Let D be a field of finite characteristic p and of dimension 
d2 over its center Z and G be a finitely generated subgroup of GL,(D) which 
contains no free subgroups. Then G contains normal subgroups G, c G, which 
have the following properties: 
(1) (G: G,) is a divisor of n. 
(2) There exists natural numbers ki and normal subgroups GIi u G, 
(i= 1, 2,..., s) such that for every i the index (G, : G,,) is a divisor of kid and 
k, +k2+ . . . + k, d n. 
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(3) The conjugation in G induces a permutation group on the set of 
subgroups {G,,, G,, ,..., G,,s} and G, = (If=, G,;. 
(4) G; is focally finite, (J(Z,[G;]))” =0 and Z,,[G;] contains a 
semisimple subring A4 such that 
Z,[G;] = M+J(Z,[G;]). (3.4) 
The subring A4 is isomorphic too to a subring qf I7,,, where II is a,finite,field. 
Proof, Since D, is finite dimensional over Z we see that the linear 
envelope Z[G] is finite dimensional, too. Hence, (J(Z[G]))” = 0 since 
a nilpotent subring of D, has a nilpotency index less than or equal 
to n. (See [S].) By Lemma 2.1 the ring D,, contains no more than n 
orthogonal idempotents. Since every system of orthogonal idempotents in 
Z[G]/J(Z[G]) can be lifted to Z[G] we conclude that Z[G]/J(Z[G]) 
can not contain more than n orthogonal idempotents. 
Now let x denote the image of a subset X? Z[G] under the natural 
homomorphism Z[G] -Z[G]/J(Z[G]). The kernel of the group 
homomorphism G -+ G is the normal subgroup G n (1 + J(Z[G])) which is 
nilpotent of class less than or equal to n because (J(Z[G]))” = 0. Further- 
more, since the algebra Z[G] is finite dimensional and G contains no free 
subgroups it must be, via Tits theorem, soluble-by-finite and so is C. On 
the other hand, the algebra Z[G] is finite dimensional and semisimple 
which implies that G is completely reducible. But a completely reducible 
soluble-by-finite linear group must be abelian-by-finite [4, 3.51. Moreover, 
since G is finitely generated we conclude easily that it contains a charac- 
teristic abelian subgroup m of finite index. 
Consider now the linear envelope Z[iy]. The semisimplicity of Z[c] 




1 = 6, + 6, + + 6, (3.6) 
be the decomposition of i obtained from (3.5). Since Z[G] contains no 
more than n orthogonal idempotents we obtain that in (3.5) and (3.6), 
s d n. We denote by Ti the maximal separable subfield of I?, (i = 1, 2,..., s) 
and let 
T=T,+Tz+...+T,. (3.7) 
Clearly, T, = TI?,. 
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The conjugation by the elements of G defines a group of automorphisms 
in Z[G]. Since J(Z[G]) is invariant with respect to these automorphisms 
we obtain a homomorphism of G on a group @ of automorphisms of Z[c] 
and that G is @-invariant. The characteristic subgroup m is therefore @- 
invariant too and so is its envelope Z[m], i.e., @ induces a group of 
automorphisms in Z[m]. We obtained thus that there exists a 
homomorphism of G in a group of automorphisms of the direct sum of 
fields (3.5) and a routine argument implies now an existence of a normal 
subgroup G, of G which normalizes every R, and has index which divides 
n!; this proves 1). Clearly, G, contains N, the inverse image of iiJ. The 
group G, acts thus for every i = 1, 2 ,..., s, as a group of automorphisms of 
R, over the subfield ZV,; clearly the maximal separable subfield T, is G,- 
invariant. Now denote 
G,,= { gEG, 1 g fixes the elements of T,) (i= 1, 2 ,..., s) 
and 
G, = (j G,,. (3.8) 
r=I 
We observe first of all that since R, is purely inseparable over T, the 
subgroup G,, must in fact fix R, (i = 1, 2,..., s) and therefore Gz fixes all the 
R, and hence too their sum Z[R]. Clearly G,, 1 N (i = 1, 2 ,..., s) and hence 
Gz 2 N. It is easy too to verify that all the G,, are normal in G,, that G, 
coincides with the set of all the elements of G which fix all the subfields x, 
(i’l, 2 )...) s). 
Now let ge G. Then we obtain from (3.5) that 
z[N]=g--‘(z[ivl)g= i; g-‘K,g 
,=I 
and we conclude that g ‘R, g must coincide with one of the subfields in 
(3.5), say with i?,. A routine argument now shows that go ‘G,i g= G,,, i.e., 
G induces a permutation group on the set {G,,, G,,,..., G,,,}. This implies 
too via (3.8) that Gz is a normal subgroup of G, and 3) is proven. 
Since the algebra T is separable, we obtain by the Wedderburn theorem 
(see [ 5, V.201) that the inverse image T of T can be represented in a form, 
T= r+ J(Z[G]), 
and in particular that T can be considered as a subalgebra of Z[G] and 
hence the decomposition (3.5) takes place in Z[G]. This implies via 
Lemma 3.1 that for every 1 < i < s there exists an integer k, <n such that 
( Ti; ZVi)l kid (i’l, 2 )...) s). (3.9) 
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Now, we obtain by the standard argument of Galois theory that for 
every i = 1, 2,..., s the index (G,: G,,) coincides with the dimension of T, 
over the subfield of G,,-invariant elements and hence this index is a divisor 
of (T, : ZV,), the relation (3.1) holds and hence (2) is true. 
We have already proved that G2 fixes Z[m] and hence iV and that 
Gz 2 N. Hence, Iv is a central subgroup of G,. 
Since (G: N) is finite so is (C, : I%‘). Since the center of G2 has a finite 
index the Schur theorem implies that the commutator subgroup (Gz)’ is 
finite and hence the linear envelope Z,,[c;] is finite dimensional over Z,. 
But Z[G] contains no nilpotent ideals and G, 4 G; we conclude therefore 
that Z,[G;] is semisimple too and hence it must be a direct sum of matrix 
rings over finite fields and hence is separable. We see too that the radical of 
Z,[Gl,] coincides with the nilpotent ideal Z,,[Gi] n J(Z[G]). This implies, 
via Lemma 2.2, that Z,IIGk] is split and the assertion follows now from 
Lemma 2.3. 
COROLLARY. Let the conditions of Theorem 3.1 be satisfied. Then the 
index (G, : G,) is LI divisor qf’ (n!) d” und the commututor subgroup G; is an 
extension ~f‘a nilpotent p-group of’ (I bounded e.uponent b?, a ,fi:nite subgroup 
qf GL,,(II), where n is a,finite,field. 
Proqf: The index of G, is a divisor of the product (ind G, )(ind G,) . . 
(ind G,) which in its turn is a divisor of (k, d)(k,d) ... (k,d) but it is easy to 
verify by induction on s that if k, + k, + ... + k,, <n then the product 
k I k2.. . k \ is a divisor of n! The last statement follows from the decom- 
position (3.4). 
THEOREM 3.2. Let D he u field of characteristic p, (D: Z) = q*” where q 
is a prime number (which muy he equal to p). Let n < q - 1 and G he u 
finitely generuted subgroup qf CL,,(D) ti,hich contuins no ,fLee subgroups. 
Then G contuins u normal subgroup U such that (G: I/) is a divisor of (n!)‘, 
the subgroup ?;,91,z( U) is local!,~,finite und Z,[y,,,,J U)] is a split extension 
z,c’r’,,Lz(wl = hf+ J(Z,C~,,,.2(Wl> (3.10) 
bchere M is u semisimple subring of CI matrix ulgehm of degree n over a,finite 
,field n. 
Proqf!f: Let G, and G,i (i= 1, 2,..., s) be the subgroups obtained in 
Theorem 3.1, and let for every i= 1, 2 ,..., s, U,JG,, be the Sylow q-sub- 
group of G,/G,,. Since (G,: G,,) is a divisor of k,q”’ (k,<n) we conclude 
that 
(3.11) 
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and that 
(U,,: G,;) = qmS. (3.12) 
The index of the normalizer of U,,/G,i in G,/G,, is a divisor of riGkid 
n < q - 1 and we obtain from the second Sylow theorem that U,,/G,, is the 
only Sylow q-subgroup of G,/G,,, i.e., U,JG,; is a normal subgroup of 
G,/G,,, and hence U,iAG,,. We obtain too from (3.11) and (3.12) that 
(G, : U,;) = r,. (3.13) 
Now let g E G be given. Since gP ‘G,, g = G,, for some 1 d j 6 s the sub- 
group g ‘U,; g is a subgroup of G, which contains G,,; but there is only 
one Sylow q-subgroup U, of G,/G,j and we conclude easily that 
Gp’Ulig= U,,. This implies that the subgroup of G, 
u= fi u,, 
,=I 
is normal in G. The relation (3.12) now implies that Y,,,,(U,~)EG,~ and 
hence, because mj 6 m (i = 1, 2,..., s), this implies that Y,,,~( U) z G, and we 
conclude now from Theorem 3.1, statement (4) that y,,,J U) is locally finite 
and that (3.10) is true. Finally, (3.11) implies that the index of U in G, is a 
divisior or Y, r2 . . r,, which in its turn is a divisor of k , k, . . . k,, Once again, 
the relation k, + k, + . . . + k, 6 n implies that (k, k, k,Y)l n!; this together 
with the fact that (G : G, ) is a divisior of n! implies that (G : U) is a divisior 
of (n!)‘. 
COROLLARY. Let L be a Lie algebra of dimension m over a field K qf 
characteristic p, D he the field of fractions of U(L), G be a finitely generated 
subgroup of CL,(D), where n <p - 1. If G contains no free subgroups then G 
contains a normal subgroup U such that (G: U) is a divisor of (n!)*, Y,,,,,~( U) 
is locally finite and Z,[y,,,,(U)] IS a split extension of its radical by a 
semisimple subring of IL,, I7 is finite. 
Proof The assertion follows from Theorem 3.2 via the fact that 
(D: Z)=p*’ (2r<m*) (see [l], 6.3). 
3.3 
Let A be a set of indices and R, (c( E A) be a family of rings with unit. We 
consider the direct product R = n, E A R, and observe first, that it is known 
(and can be verified easily) that the group of units U(R) is the direct 
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product of the groups U(R,)(CXEA). We recall [4,2.7] that a nonempty 
family 4 of subsets is a filter on A if 
(1) The empty subset of A does not belong to A. 
(2) 9 is closed with respect to the finite intersections. 
(3) X5 YcA and XEF implies that YEF. 
The filter B is an ultralilter if for each XE A either XE 9 or A\XE 9. A 
family of subsets of A can be extended to an ultralilter if it does not contain 
the empty subset and the intersection of a finite number of its subsets is not 
empty. (Has the finite intersection property.) Furthermore, if B is an 
ultrafilter on the set of indices A then we have the equivalency relation 
defined by B on R: If h g are two elements from n,, A R, then 
f-g (mod) iff the set (cz;f, =g,} E 9, and simultaneously we obtain the 
equivalency relation on the group U(R) rr n3LEA U(R,); as a consequence 
we obtain too an equivalency relation on an arbitrary subgroup of U(R). 
We denote by J? the image of a subset Xc R under the homomorphism of 
R on the ultraproduct R/9 = (nI,, A R,)/B. 
We consider now a subgroup G s U(R) and denote by (G) the subring 
of R, generated by G, and by G,(cc E A) the subgroup of U(R,), which is the 
homomorphic image of G under the homomorphism rt, : R + R,. Let t(G) 
be a given verbal subgroup of G. 
PROPOSITION 3.1. Assume that arhitrarv subgroup G, (ME A) has the 
,following property: (I) G, contains a normal subgroup U, such that 
(G, : U,) d N, where N is a given number, the subring (v( U,) ) contains an 
ideal B, such that B$ = 0 and the quotient ring (v( U,) j/B, is isomorphic to a 
suhring qf a matrix algebra of degree n over a field P,. 
Then the subgroup G = G/9 of U(R)/9 satisfies the property (1) too: It 
contains a normal subgroup U such that (G: U) < N, the subring (v( 0)) 
contains an ideal B such that Bk = 0 and (v(U) j/B is isomorphic to a subring 
of P,, , where P is the ultraproduct (n, E ,,, P, )/F. Furthermore, tf there exists 
a natural number s such that the orders of ,finite subgroups in all the groups 
GL,,(P,) do not exceed s then the image of i7 under the natural 
homomorphism (v(U) ) + (v(U) j/B is a ,finite group of order 6 s. 
Proof: We give only a sketch of the proof since it is obtained by a stan- 
dard argument of the theory of ultraproducts. 
Since G E n, t A G, it is easy to see that we can consider without loss of 
generality the case when G = n,, ,, G, and U = n,, A U,. Let U = U/9--. 
Since UAG we obtain that Ua G. The property of being a finite group of 
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order <N is the sentence of the first order and it follows therefore easily 
that (G: U)<<. Now if B=(n,,, B,)/9 then Bk=O and 
and simultaneously if 6, denotes the image of U, in (u( U,))/B, we obtain 
that the image of (fl,, +, U,)/F under the isomorphism (3.14) is 
i:: 
zEA 0,)/F. Since (8,: 1) d s we conclude that the order of U= 
ItA U,)/9 is less than or equal to s. Finally, the left side of (3.14) is a 
subring of (nstA (Pl),,)/Y. It is known, however, that the last ring is 
isomorphic to the matrix ring of degree n over the field P= (n,,, P,)/F. 
PROPOSITION 3.2. Let R he a ring with unit, G he a subgroup of the group 
of units of R. Assume that every finitely generated subgroup G, of G has the 
property I of Proposition 3.1. Then G has the property I too. 
Proof Once again, we give a sketch of the proof. The system of sub- 
rings (G,) (a E A) is a local system of subrings for the ring (G). Define an 
injection of (G) into nltA (G,) by 
with x, = 
0 
x + (~,)(a E A) 
if x$(G,) 
(3.15) 
x if XE(G,). 
The same proof as in [ 16, 1.1.71 shows that there exists an ultrafilter 9 on 
the set A such that (3.15) induces an isomorphic imbedding of (G) into 
the ultraproduct (nsEA (G,))/B; clearly this gives too an imbedding of 
the group G into the ultraproduct (n, t A G,)/B and the assertion follows 
from Proposition 3.1. 
PROPOSITION 3.3. Let G be an arbitrary group. Assume that any finitely 
generated subgroup G, of G has the following property: (II) G, contains a 
normal subgroup U, such that (G,: U,) <N and the subgroup u( U,) is 
locally ,finite. Then G has the property (II) too. 
Proof The proof is a routine application of the inverse limit arguments 
(see [ 16, Proposition l.K.21) and we omit it. 
3.4 
Proof of Theorem B. Since G contains no free subgroups nor do the 
finitely generated subgroups of G. Apply now Theorem 3.2 together with 
Proposition 3.3 and obtain that there exist a normal subgroup U which 
satisfies the conclusions of the theorem. 
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COROLLARY. LPI D be a $efd of character&k p, (D: 2) = qzFn and G be 
a soluble subgroup qf GL,(D). Then the soluhility class of G is bounded by a 
function +(m, n), which does not depend on y. 
f+t~f: Let ql, q2 ,-., qr be all the prime numbers which do not exceed 
n + I. By Zassenhaus’ theorem, the sombility class in GL,(D) is bounded 
by a function $,(m, n) if q= qi (i= 1, 2,..., r); Theorem B together with 
Zalesskii’s theorem, quoted in Section 1 .l, implies the existence of a bound 
$r+ ,(m, n) for all q> n+ 1. One can now take Il/(m, n) = max{@,(m, n) 
(i= I, 2 ,..., r+ 1)). 
4.1 
Let L, be a Lie algebra which has a basis e,, e?,..., e, over a field K of 
characteristic zero, U(L) be the universal envelope of L, D be the field of 
fractions of U(L). We study in this section finitely generated subrings of D; 
the method is based on the same idea as the proof of Theorem 6.1 in [2] 
but the localization will be carried out in a different way. We point out that 
the same argument will imply too the truth of Lemma 4.5 which is related 
to the case of group rings. 
We remind the reader first of all (see [ 171) that if H is a Lie ring which 
is a free module over a commutative ring K then there exists a universal 
enveloping ring UK(&), which enjoys basically the same properties as a 
universal enveloping algebra over a field. 
LEMMA 4.1. Let K, hc a finitely generated commutative domain of 
characteristic zero and fet pi (i = 1, Z,...,) he an kfinite set qf prime numbers. 
Then there exisrs a c~~n~~e subser pi (i E 1) and a ser qf ma.~~maf idea& 
B, c K;, such that 
(1) i-l,,,Bj=O. 
(2) Every ideal B, de&es a p-adic valaution CJ~ K, and the quotient 
ring K,,/E, is a finite field @” chu~ac~er~.~t~c pi. 
The proof is routine and we omit it (see also the proof of Lemma 6.1 in 
C21). 
We now remind the reader of the following facts on the localization. A 
compl~tcly prime ideal A s R is Iocalizablc if there exists a ring RM -’ such 
that every element of it has a form I = rs- ‘, r E I?, s E M = R\A. If R is a 
Notherian domain and A a completely prime localizable ideal of R then the 
ring R/A is a Notherian domain which has a field of fractions, say A, and 
the natural homomorphism R -+ R/A has unique extension to a monomor- 
pism RM-’ + A. 
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LEMMA 4.2. Let L, be a Lie ring with a basis e,, e2,..., e, over a finitely 
generated commutative domain K, and B, be a prime ideal of K,. Then the 
ideal B = (B,) Uk,,(L,) of U is completely prime and localizable and the 
quotient ring U,(L,)/B is isomorphic to the universal envelope U,(&) of a 
Lie ring &, which is a free module of rank n over the ring K0 = K,,/B,. 
Proof: Let X be the image of a subset XG U,(L,) under the natural 
homomorphism U,,(LO) --) U,(L,)/B. It is easy to verify that 1, is a free 
Lie ring with a basis F,, 2, ,..., 2, over i&,, which is isomorphic to K,/B, 
-. 
and that U,(L,) IS isomorphic to the universal envelope UK,,(&), which is, 
of course, a domain. We see thus that B is completely prime. 
Now apply Proposition 3 in [IS] and conclude that B has the weak AR- 
property. But in this case by Smith’s results, B is localizable if it has the 
following property (see [ 191): The elements of S\ B are not zero divisiors in 
S/B” for all n > 1. To verify this last property for the ideal B c U,(L,) we 
observe first, that B” = (B;) U,(L,); then consider the graded ring, 
associated to the usual filtration in U,(L) (see [ 1, v.31). The graded ring 
gr(U,(L)) is isomorphic to the polynomial ring K,[x,, x2,..., x,]. It is 
clear too that if U, v E KO[xl, x2 ,..., x,] and u & 0 (mod B,[x,, x2 ,..., x,!]) 
then UV-0 (mod B,[x,, x2 ,..., x,]) iff v ~0 (mod B,[x,, x2 ,..., x,,]. A 
routine argument now implies the truth of our claim on the zero divisiors 
in S/B” and the assertion follows. 
LEMMA 4.3. Let R be a finitely generated subring of D. Then there exists 
a finitely generated subring K0 E K such that the Lie ring L,, generated by 
K, and e,, e, ,..., e,, is free over K, and the associative ring (K,, e,, 
e2,..., e,, > is isomorphic to U,(L,). The ring U,,(L,) has a field of fractions 
D, and R c D,. 
Proof. Let R = (r,, r2 ,..., r, >. We have 
e,el, = i &e,, E K (164Pdm) (4.1) 
.,’ = , 
and 
ri=a,bi ’ (a,, bjE U(L), bi#O,j= 1, 2 ,..., s). (4.2) 
Let ql, q2,..., q,,, be all the nonzero elements of K which occurs as coef- 
ficients A,,, in (4.1) or as coefficients in the representation of the elements 
aj, b, through the standard monomials in e,, e,,..., e, and let K, be the 
subring generated by q,, q2 ,..., qN. It is easy to see that the Lie ring 
generated by K, and e,, e2 ,..., e, has a basis e,, e2 ,..., e, over K, and that 
the associative ring (K,, e, , e2,..., e,) is isomorphic to U,(L,). 
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Finally, since K, is Noetherian the same argument as in the case of a Lie 
algebra over a field shows that UK&L,) is Noetherian; it has therefore a 
field of fractions D, and we see that R E D,. 
COROLLARY 1. Let the conditions of Lemma 4.3 he satisfied. Then 
D=KBKoDO. 
The proof follows easily from the fact that K, contains all the elements &,jY 
from (4.1). 
COROLLARY 2. Let in addition to the conditions of Lemma 4.3 an infinite 
set pi (i = 1, 2,...,) of prime numbers be given. Then there exists a cofinite sub- 
set p, (i E I) and a set of maximal ideal Bi E K, (i E I) such that 
(1) Every ideal (B,) = B, U,,( L,) ‘. I F completely prime and localizable in 
UK,(Ld 
(2) The quotient ring II,,( is the universal envelope U,(L;) ef 
a Lie algebra of dimension m over a,finite,field K of characteristic pi (iE I). 
(3) If M, = UK,(LoNB,) then R E U,,(L) M,L ’ . 
(4) /‘-hcz, (B,)=O. 
Proof: Apply Lemma 4.3 and find a system of ideals B, (iE I) which 
satisfies the conclusions of the Lemma and too the condition 
b, $ (B,)> (4.3 j 
where b, (j= 1, 2 ,..., s) are the elements defined in (4.2). Clearly, con- 
clusions (1) and (2) follow from Lemmas 4.1 and 4.2. Condition (4.3) now 
implies that R c U,(L,,) M, ’ which proves (3). Finally, (4) follows from 
the fact that U,(L,) is free over K,,. 
COROLLARY 3. Let the conditions qf Lemma 4.3 and Corollary 1 be 
satisfied and A, = R n (B,) (i E I). Then 
(1) For every i E I the quotient ring R/Ai is a subring of the ,field qf 
fractions Di of the universal envelope U,( L;) of a Lie algebra E, over a finite 
field R,. 
(2) fl,t,A,=@ 
(3) There exists an isomorphic imbedding qf R into a suitable 
ultraproduct 
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Proof Statements (1) and (2) follow immediately. Statement (3) 
follows from (2) and from the following known fact whose proof we include 
for the sake of completeness. 
LEMMA 4.4. Let R he an arbitrary domain, A i (i E I) be a set qf ideals 
such that 
;,“i=O. 
Then R is imbedded in a suitable ultraproduct (n,,, RIA,)/F-. 
Proof For arbitrary 0 # r E R define 
U,= {i6ilr$Aj}. 
Since R is a domain, the family of subsets U, c I have the finite intersection 
property and generate an ultrafilter 9. It is easy to verify that R is imbed- 
ded isomorphically in (n,,, R/A;)/F. Indeed, if some element 
u E R E nit, R/A; is mapped into zero under the homomorphism 
(n;,, R/A;) -+ (n,,, R/Ai)/Y then the set of its zero coordinates belongs 
to 9 and hence the set of nonzero coordinates does not belong (since 9 is 
an ultrafilter). This contradicts the definition of 8. 
4.2 
We will need in Section 5 the analogs of Corollaries 1 and 2 for the case 
when D is a field of fractions of a group ring. 
Let H be a poly-infinite cyclic group, K be a field of characteristic zero, 
D be he field of fractions of KH and R be a finitely generated subring of D. 
LEMMA 4.5. Let an infinite set p, (i = 1, 2,...,) qf prime numbers be given. 
Then there exists a cofinite subset p, (i E I) and a set of ideals A, c R (i E I) 
such that 
(1) For every i E I the quotient ring is a subring of the,field of fractions 
D, of a group ring K,H, where Ki is a finite field of characteristic pi. 
(2) nitIA,=O. 
(3) R is isomorphically imbedded in a suitable ultraproduct 
(FIie 1 RIAi)lF. 
We do not give a proof of this assertion since it is quite similar to the 
argument of subsection 4.1 and differs from it only in the following point. 
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Take a prime ideal of a finitely generated subring K, c K. In order to 
obtain that (B,) K,H is completely prime and localizable in K,,H apply 
Lemma 1.6 of Passman’s article [20]. 
4.3 
Proof of Theorem A. Consider first the case when G is finitely 
generated. We obtain immediately that G z T,,, where T is a finitely 
generated subrig of D and by Corollary 3 of Lemma 4.3 we have an 
embedding of T into an ultraproduct (fl,, , d ;)/F which gives an 
imbedding of T,, into the ring (n,,, (di),,)/.F; it is important that we can 
assume that char d i = pi > n + 1. 
If now G contains no free subgroups nor do the groups Oi(G); hence 
they satisfy the conditions of Theorem 3.2. Apply the Corollary of 
Theorem 3.2 together with Proposition 3.1 and obtain that G contains a 
normal subgroup U of index less or equal (n!)’ such that the subring 
(y,& U)) contains a nilpotent ideal of nilpotency index <n such that the 
quotient ring is isomorphic to a subring of a matrix algebra of degree n 
over a commutative field P. It is easy to see that char P = 0. The assertion 
is proven thus for the case when G is finitely generated. 
Now let G be an arbitrary subgroup of GL,,(D). If G contains no free 
subgroups nor do the finitely generated subgroups of it. APPLY 
Proposition 3.2 and obtain that there exists a normal subgroup U of G 
such that (G: U) d (n!)“, the subring (y,n,,Z( U)) contains a nilpotent 
ideal B such that the quotient ring (‘J~,,*( U))/B is a subring of the matrix 
algebra of degree n over a commutative field of characteristic zero and the 
assertion follows. 
5.1 
Now we need modifications of some results from [2,9] on 
specializations in a field of fractions of group rings. We give in this subsec- 
tion only a sketch of a proof and refer the reader to [2, 91 for detailed 
proofs and definitions. 
Let K be an arbitrary commutative domain, H be a group, S a H and 
A,=KS, A,, A, ,..., be a sequence of H-invariant ideals of KS. Clearly, 
Bi = A, H is a system of ideals in KH and 
BinKH=A, (i=O, l,..., ). (5.1) 
If the system Ai satisfies the condition 
A,A,cA,+, (5.2) 
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then 
BiBic Bi,,. (5.3) 
Let in this case gr(KS) and gr(KH) be the graded rings of KS and KH 
associated to the filtrations Ai and Bj correspondingly. The relation (5.1) 
defines a natural imbedding gr( KS) G gr(KH) and it is not difficult to prove 
the following assertion, using the argument similar to the ones which have 
been applied in 9 3 of [2]. 
PROPOSITION 5.1. The ring gr(KH) is isomorphic to a suitable cross 
product of gr(KS) with H/S, 
gr(KH) = gr(KS)* H/S. 
COROLLARY 1. Let KS be a domain and H/S be a unique product group. 
Then gr(KH) is a domain too. 
Proof: Follows from the isomorphism (5.4) via the well known fact that 
a cross product of a domain with a unique product group is a domain 1 
Now consider in S on N-series 
s=s,2s,2 .” (5.5) 
and associate to this N-series a Lie ring LK(S): take the Z-module 
L,(S) = f s,,/s,,+ I ,I= I 
and define the Lie product in L,(S) in the usual way, then the ring 
LK(S) = K@ L,(S) is a Lie algebra over K. It is easy to see that if K= Z, 
then L,(S) = L,( S)/( mod p). 
We assume that all the factors SJS,, I in (5.5) are free abelian groups. In 
this case L,(H) will be a free K-module and hence there exists the universal 
unvelope U,(L,(H)) which enjoys all the properties of the universal 
envelope of the Lie algebra over a field. 
We remind the reader that the N-series (5.5) defines a filtration 
A, = KS, A 1 ,..., (5.6) 
in KS (see [2]). Let gr(KS) be the graded ring of KS associated to the 
filtration (5.6). 
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PROPOSITION 5.2. Assume that all the factors S/S,+ , in (5.5) are free 
abelian groups. Then 
(5.7) 
Proof The proof does not differ from the proofs of Theorem 2.3 and 2.4 
in [2]. 
PROPOSITION 5.3. Let H be a group, Sa H with H/S a unique product 
group. Assume that there exists a N-series (5.5) with H-invariant subgroup Si 
and free abelian factors SJS,, , . Assume too that 
,fio&= 1. (5.8) 
Then the filtration of KH 
(A;)(KH) (i=O, l,...,) (5.9) 
generated by the filtration (5.6) of KS def mes a valuation function in KH. 
Proof Condition (5.8) together with the condition that all the factors 
are free abelian implies, via Theorem B(2) in Hartley’s article [2], that 
n,Z=O A,=0 and hence 
fi (Aj) KH=O. (5.10) 
,=O 
The graded ring of KH, associated to the filtration (5.9) is isomorphic via 
Proposition 5.1 to gr(KS) * H/S. But gr(KS) is a domain via 
Proposition 5.2. We obtain now from Corollary 1 of Proposition 5.1 that 
gr(KH) is a domain. This, together with (5.10) implies that the filtration 
(5.9) defines a valuation function in KH. i 
We now remind the reader that a specialization 0 from a field A, to a 
field A, is an epimorphism of a local subring TC A, on A,. The ring T is 
the domain of 0 and the radical J(T) of T is the kernel ker 0. 
COROLLARY. Let under the conditions of Proposition 5.3 the group rings 
KH and K(H/S) are Ore rings with fields of fractions D and A correspon- 
dingly. Then the natural homomorphism 
KHL K(H/S) 
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is extended to a specialization 0: D + A. If T is the domain of 0 and 
ker 0 = J(T) is the unique maximal ideal of T then 
fi (J(T))“=O. (5.11) 
n=l 
Proof: The valuation function u(x), obtained in Proposition 5.3, is 
extended to the field of fractions D. Let U = {XE D 1 u(x) 2 0) and 
V= (YE D 1 u(y) > O}. Then U is a local ring with the radical V and, 
because the values u(y) are integers when y E B, 
fi V”= 0. 
,I= 1 
The proof is completed now by a routine argument (see, e.g., [2, Lem- 
ma 5.41). 1 
Now, we recall the concept of the discrimination by a family of groups 
which is important in the theory of varieties of groups (see [22], or 
another version [23]). Let H be a group. Consider a family of groups H, 
and a family of homomorphisms I,!I~: H -+ H, (c( E A). Then H is dis- 
criminated by the family H, (with respect to the given family of 
homomorphisms) if for arbitrary given nonunit elements h, , hz,..., h, E H 
and index a can be found such that 
+s(hj) # 1 (j = 1, 2 ,..., m). 
It is worth remarking that if H is discriminated by the family of groups H, 
then the group ring KH is a subdirect sum of the group rings KH, (CZ E A ). 
PROPOSITION 5.4. Let a group H and its normal subgroup S satisfy the 
conditions of Proposition 5.3 and let there exist a system of H-invariant sub- 
groups S, E S (a~ A) such that the family of groups HIS, (CYE A) dis- 
criminates H. Assume too that KH and all the K(H/S,) are Ore domains 
with fields of fractions D and D, correspondingly. Then every natural 
homomorphism $Z : KH + K(H/S,) is extended to a specialization 
0,: D + D, whose kernel J( T,) is residually nilpotent and for any given non- 
zero elements x,, x2 ,..., x, E D a specialization 0, (g E A) can be found such 
that 
XjE (Tz\J(Tu)) (j = 1, 2 ,..., m). (5.12) 
Proof: Since S, E S (a E A) every S, contains an N-series S, n S, 
(i = 1, 2,...,) with free abelian factors and trivial intersection and the 
corollary of Proposition 5.3 show that every homomorphism $I, is extended 
to a specialization 0,. 
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Now let xj = a,b,- ’ (a,, 6, E KH, b, # 0;j = 1, 2 ,..., m). Find CI such that the 
images of the element ai, b, under the homomorphism rc/%: KH -+ K(H/S,) 
are nonzero and then find a specialization 0,: D + D, extending $%. Since 
a,, b, E KH G T and $(a,) # 0, $(bi) # 0 we conclude that 
a,, biE T,\J(T,) (j= 1, 2,..., m) 
and (5.12) follows. 1 
5.2 
We need the following modification of Dunwoody’s Theorem 1 in [24]. 
PROPOSITION 5.5. Let F be a free group, R CI F and R, 2 R (i E I) be a 
family of normal subgroups qf F such that the family of groups F/R, dis- 
criminates F/R with respect to the ,family of the natural homomorphisms 
defined by the kernels RJR 4 F/R. Then the group FIR’ is discriminated by 
the,family of grouups F/R: with respect to the,family qf the homomorphisms 
dqfined by the kernels RI/R’. 
The proof is an easy modification of Dunwoody’s, we omit it. 
COROLLARY. Let p, (iE I) be an irzfinite set of prime numbers, F be a free 
group, F, u F be a family of normal subgroups of indices pi. Then the free 
metabelian group H = F/F’ is discriminated by the family of groups 
H, = F/c (i E I). 
Proof: Follows from Proposition 5.5 via the fact that the free abelian 
group F/F’ is discriminated by the family F/F, with respect to the family of 
homomorphisms defined by the kernels FJF a F/F’, 1 
Consider now an arbitrary group H, = FJF: which was obtained in the 
corollary of Proposition 5.5. We remind the reader of the following known 
facts. 
( 1 ) Hi is torsion ,free. 
(2) H, is an extension of the free abelian group FJFI by the cyclic 
group F/F, qf order p,. Follows immediately from the definition of H,. 
(3) H,/H: is free abelian and hence Hi is an extension of a free abelian 
group Hi by a free abelian group. The proof is immediate. 
(4) Hi is a unique product group. Follows from (3) via Lemma 13.1.8 
in [ZS]. 
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(5) The group rings KH and KH, (i= 1,2,...,) are Ore domains for an 
arbitrary field K. Once again, follows easily from the fact that these groups 
are free abelian-by-free abelian. 
Let D and D, be a field of fractions of KH and KH, correspondingly 
(i= 1, 2,...,). By property (2) KH, has (left) dimension p, over K(F,/q) and 
this implies easily that D; has dimension p’ over its center Z;. 
PROPOSITION 5.6. Every homomorphism $I, : KH + KH, is extended to a 
specialization 0,: D -+ Di with a residually nilpotent kernel ker 0,. For any 
given nonzero elements x1, x2,..., x, E D a specialization Oi, extending a 
homomorphism $,, can be found such that 
x, E Ti\J( T;) (j= 1, 2 ,..., m). 
Proof It is known that in a free soluble group H all the factors of the 
lower central series yk( H)/y, + ,(H) are free abelian and np=, y,(H) = 1. 
(See Gruenberg [26] and Smelkin [27].) Hence, any normal subgroup of 
H has a N-series with free abelian factors and trivial intersection. The 
assertion follows therefore immediately from Propositions 5.3 and 5.4 via 
the properties (l)-(5) of the groups H and Hi (i= 1, 2,...,). 1 
We have the following corollary of Proposition 5.6 which is an analogue 
of Theorem 3.1 and its corollary. 
COROLLARY. Let R be a finitely generated subalgebra of D. Then there 
exists a cofinite subset pi(i E I) of the set p, (i = 1,2,...,) and a set of maximal 
ideals Ai E T (ie I) such that 
(1) nieIh=o. 
(2) The quotient ring RjA, (iE I) is isomorphic to a subfield of D,. 
(3) Every ideal A i is residually nilpotent. 
(4) R is embedded isomorphically in a suitable ultraproduct 
(ni,, D;)/F. The proof is easy and can be omitted. 
5.3 
Let F be a free group, K be a field. The universal field of fractions d for 
KF was constructed first in Amitsur’s article [S]. We refer the reader to 
[S] and to Cohn’s books [28,29] for the properties of A and recall here 
only the definition: A contains KF and is generated by it; if there is a 
homomorphism KF -+ @ R, where R is imbedded in a field D and generates 
it, then $ is extended to a specialization 0: A + D. We recall too that by 
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Lewin’s theorem in [ 141 A can be obtained as the subfield generated by KF 
in the Malcev-Neumann field of KF and hence A satisfies the condition of 
Proposition 2.1. 
We now need the following assertion which follows easily from 
Theorems 24B and Corollary 24D of Amitsur’s aricle [8]. 
LEMMA 5.1. Let S be a division algebra infinite dimensional over its cen- 
ter Z which contains an infinite field K and let A be the universal ,field qf 
fractions of KF. Let xl, x2 ,..., x, be given nonzero elements of A. Then there 
exists a specialization 0 : A + S such that 
x, E T\J( T) (ct = 1, 2 ,..., m). 
Proof: The proof can be read off from [8,11.2]. 
COROLLARY. Let R be a finitely generated subalgebra qf A. Then there 
exists a system qf ideals A, c R (i E I) such that 
(1) For every iE I the quotient ring R/A; is isomorphic to a subring 
sf S. 
(2) ni.,A;=@ 
Proof: Let R = (r,, r2 ,..., I-~). For every finite subset Xis R\O (ie I) 
containing the elements r,, r2 ,..., rr, find a specialization 0, such that 
X, c T,\J(T,) and let A, = J( T,) n R. The assertion follows thus from 
Lemma 5.1. 
PROPOSITION 5.7. Let K be an infinite field and A be the universal field of 
,fractions of KF, H, (i E I) be the ,fumily of groups defined in the corollaries of 
Propositions 5.5 and 5.6, and let for every i E I Di be the field of fractions of 
KH,. Let a finitely generated subalgebra R G A be given. Then there exists a 
subset Jc I and a system of ideals B, (j E J) such that 
(1) For every j E J the quotient ring R/B, is isomorphic to a subring 
qf D,. 
(2) n,,.,Bj=O. 
(3) R is imbedded in a suitable ultraproduct (nlEJ R/B,)JS. 
Proof: Statements (1) and (2) follows from the corollary of Lemma 5.1 
together with the corollary of Proposition 5.6. Statement (3) follows from 
Lemma 4.4. 
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5.4 
Proof of Theorem C. It is enough to show that there exists a normal 
subgroup U 4 G with (G: U)l(n)* such that (U”) contains a nilpotent 
ideal B and ( U” )/B is a subring of P,, P is a commutative field, and that 
the image of u” in (U”)/B is finite; the assertion will follow then from 
Proposition 2.1. 
Since the ring (U”) does not depend on the field K we can assume that 
K is infinite; otherwise one can replace it by the field K(t) of rational 
functions. Since G is finitely generated we can find a finitely generated sub- 
field K,, c K such that G c CL,(I),), where D, is the field of fractions of 
K,H(or K,F); once again, we can assume that KO is infinite. To simplify 
the notations we will assume that K itself is finitely generated. 
But the algebra K[G] is finitely generated and it is contained therefore 
in a subalgebra R,, where R is a finitely generated subalgebra of D. We can 
apply to R Proposition 5.1;’ it is important that we can assume that all the 
prime numbers pi are greater than n + 1. If G contains no free subgroups 
then so are the groups G, = &Ii(G) c GLJD,). We can apply therefore to G, 
and K[G,] Theorem 3.2 with q*” =P: and to conclude that every G, con- 
tains a normal subgroup Ui such that (G,: Ui)l(n!)‘, U: is locally finite and 
(Ul’) is a (split) extension of J( (U:)) by a semisimple subalgebra of n,, 
and the corollary of Proposition 2.1 now implies that the image of U;’ 
under the natural homomorphism (Ul’) -+ ( Uy )/J( ( Uy )) is a finite sub- 
group of CL,(K). But it is known that there exists a bound for the orders 
of finite subgroups of CL,,(K) when K is finitely generated. Apply now 
Proposition 3.1 and obtain that (U“) contains a nilpotent ideal B such 
that (U”)/B is finite. This completes the proof. 1 
Proof of Theorem D. Let Hi be an arbitrary group, obtained in the 
corollary of Proposition 5.5 and A, be the field of fractions of KH,, 
char K = 0. Apply Lemma 4.5 together with Theorem 2.2 and the results of 
Subsection 3.3 and obtain that the assertion is true for the subgroups of 
GLJA,). Proposition 5.7 again, together with the results of Subsection 3.3, 
completes the proof. 1 
6. CONCLUDING REMARKS 
There are two more classes of skew fields where the Tits’ alternative 
might be true. This is the field of fractions of a group ring of a free soluble 
group and the field of fractions of a group ring of a torsion free polycyclic- 
’ Or the corollary of Proposition 5.6 if A is the field of fractions of KH. 
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by-finite group. Some support for this conjecture is given by Theorems C 
and D of the article and by the results of articles [30, 313 (for the case of 
the polycyclic groups). Some connection of these problems with the proper- 
ties of the groups of automorphisms was studied by Bachmuth and 
Mochisuki in [32]. Using their arguments we obtain easily from 
Theorems C and D the following result. 
PROPOSITION 6.1. Let H he a free soluble group on generators 
h,, hr,..., h, and of class less or equal than 3. Then any subgroup G of the 
automorphism group Q(H) of H either contains a free subgroup or contains a 
soluble normal subgroup whose index is bounded by an integer function f (k). 
The solubility class qf soluble subgroups of D(H) is bounded by a ,function 
ICl(k). 
The question remains, however, open whether the same is true when H is 
an arbitrary finitely generated free soluble or free group; in the last cast it is 
unknown too whether Q(H) is isomorphic to a matrix group. 
We would like to point out that the parameter m, = [m*/2] in 
Theorem A and its corollaries can be replaced by m in the case of nilpotent 
(and some other) Lie algebras but we do not know whether it can be done 
in the general case. The main reason why the behavior of the subgroups of 
CL,,(d) in Theorems C and D is better than in the case of Lie algebras is 
that in some cases the study of A can be reduced to the study of an 
arbitrary infinite dimensional division algebras; the results in this direction 
are obtained in Amitsur’s article [8]. Some properties of the matrix ring A,, 
can be obtained by this method too. We obtain, for instance, the following 
facts comparing the results of Subsection 5.1 of the article with the main 
results of [2, 91. (See [2, Sect. 93.) 
PROPOSITION 6.2. Let A be the universal field of fractions of KF and R he 
a.finitely generated subring ef A,,. Then (J(R))” = 0. If every element x E R is 
a sum qf nilpotent elements 
x = c -‘CA. bk E R) 
then R” = 0. 
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